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1 Introduction

In this course, we will cover the basics of productivity growth, consumption, investment and savings, fiscal policy and
asset market equilibrium. We begin first with dynamic general equilibrium models, at the most simple form, and then
expand on this model.

Firstly, it is important to gave a brief primer on the history of economic thought, and particularly how the macroeconomic
paradigms which have dominated area a result of the evolution of the discipline, the varying degrees on mathematical
intensity, and the important legacy figures who have contributed to the development of these models.

In our coverage of neoclassical macroeconomics we start with a very general overview of components of neoclassical
growth models in Section 2. We then cover command economy models, where there is either one agent or one central
planning agency which allocates scarce resources in the economy. These are the models in Section 3, including Robinson
Crusoe (single agent), command economy, and Yeoman peasant models. These are autarkic (no trade) models with no
distortions. Model extensions in the command economy introduce new elements, such as time variance and productivity
shocks. The optimization problem remains the same. In Section 4, we look at dynamic stochastic general equilibrium
(DSGE) models where there is a market that must clear, with relative pricing and trading. This includes models with
taxation and durable goods produced by firms. The optimization problem therefore changes, as we no longer have a social
planner, but instead we use a decentralized competitive equilibrium to ensure pareto optimality. And finally, in Section
5 we cover one model on complete markets. It is an extended DSGE model that begins to account for asset prices.

2 Neoclassical growth model

2.1 Foundations

We begin our study of neoclassical growth models with two key models: The Solow Growth model and the Ramsey Model.
The Solow growth model is discussed briefly to give the foundation, but it is not used for problem solving given it does
not account for a utility maximization and assumes savings is exogenous. The Ramsey growth model is primarily the
framework we will use moving forward. The Ramsey model allows us to model a particular growth pathway in the long
run, explicitly based on agent behavior, where we find the path by optimizing consumption at the household level. Here
we identify how the optimal level of output in an economy is determined, and how it is allocated between (1) consumption,
¢t, and (2) capital accumulation, (or future consumption, c¢;y1)

At a very fundamental level, there are two approaches to optimize a Ramsey model:

1. Golden rule: where no discount rate is applied, but a steady state equilibrium is found for the single period. Here
the solution is always myopic and unstable, and consumption in the long run is just equal to output. This requires
a constant level of capital, k*, and a disturbance to the pathway cannot be modeled as the optimal consumption
becomes unachievable.

2. Optimal solution approach: where we maximize the sum of discounted utility across all periods, using dynamic
programming or the Lagrange approach (sequential equilibrium strategy). An equilibrium can be found using the
derived necessary condition, the euler equation, and the given resource constraint on capital. The static equilibrium,
with no shocks, yields:

Ct:Cﬂ< k’t:k’* ACtZO AktZO

2.2 Basic components of the model
Production function

y=A-F(K,N)

such that F' is the standard production capacity function, that takes capital and labor services as an input. A is a
parameter which captures productivity, able to augment output. Y is total output. K as the stock of capital and N as
the stock of labor are heterogeneous among agents. A few things about the production function:

e it is continuous and differentiable in the first order condition, we can assume the function is (strictly) concave

dF
« — >
dK_O



dF
* N > 0 Note the simplest form of a production model would be where output is equal to Y (A, K) such taht

Y: = Ay F(ki,ne) = A f (ki) where labor supply is perfectly inelastic, such that n; = 1 for all ¢.

Equation of motion

We have an equation of motion of capitall, such that:
AKt+1 = AF(Kt, Nt) - 6Kt - Ct

Where AK;11 = Kip1 — K¢ We set up this general equation as we are working in discrete time. This equation tells
us how optimal savings occurs at the household level. Capital in the next period is a function of productive output, less
the depreciation of capital and any consumption that occurs. We assume that households own the capital stock.

Utility function

Now for a household, we assume there is one representative household or agent, which has the same utility function. The
utility function is a summation of the consumption of goods across all periods, t = 1,...T. The standard utility function
is:

T
Uo = Z ﬂtu(ct)
t=0

We make the following assumptions about the utility function:
o utility function is downward sloping and a convex curve

¢ both monotonic and continuous

« marginal utility of each ¢; is positive for all ¢; > 0

o additively separable over time

Euler equation

The Euler equation is a fundamental result from the Ramsey growth model, that tells us how the capital stock changes
between different time periods, ¢t. In the two period model, it tells us how capital changes from period 0 to 1. Most often,
it is written as:

u'(c) = Bu'(cen) - (1 =0+ f' (ki)

3 Command economy

We start with command economy models where the government, or the social planner, makes all major economic decisions.
Command economy models are characterized by achieving socially optimal outcomes without distortions, as the social
planner chooses production and resource allocation. This framework avoids the needs for markets to clear, and eliminates
all supply and demand determinations for goods. We define the command optimum as the optimal allocation of
resources over the technologically possible (productively feasible) frontier. In a command economy, at the optimum, we
have a Pareto optimum where goods cannot be redistributed to make anyone better off without making someone else
worse off. The command optimum is a unique value.

The necessary conditions that need to be satisfied to reach a command optimum are the following:

1. The euler equation (see 2.2), which states that the marginal rate of substitution of consumption between two periods
is equivalent to the marginal productivity of capital in the second period. This is the most simplified version of the
euler equation.

IThe equation of motion of capital is also referred to in the notes as the capital accumulation equation, and the resource identity. It is
not the resource constraint. While it seems confusing, the reason for the different names is such that it shows the relationship between capital
stock with other variables, primarily consumption (and later on, investment) that governs the motion of capital across periods.



2. The capital accumulation function must hold for all time periods, where the productivity of capital plus the remaining
capital, less depreciation, should equal consumption and the capital in the next period

3. All capital must be exhausted. This implies that kr (or ko in the two period model) will be zero such that all
available resources are exhausted.

Given the necessary conditions, we need to show they are also sufficient. This requires concavity, which we already
assumed, and compactness. So, for the set of allocations, (co,c1,k1,k2) we must have that they satisfy the inequality
constraints initially given, and are closed and bounded as a subset of Rﬁ_.

3.1 Two-period model
In two periods, t = 0,1, we have the following model components:
o Utility function: U = u(co, ¢1)
o Capital accumulation function: k1 = f(ko) + (1 — d)ko — ¢o
e kg, k1 are both determined during period 0
e (g, c1 are chosen to maximize utility over consumption pairs
e The model is subject to the following constraints:
— ¢o,c1,k1,k2 >0
— f(ko) + (1 = 0)ko = k1 + co
— flB)+ (1 =08)k1 > ka+
o State variable: k; for t = 1, 2; control variable: ¢q for t = 0,1
o We assume f(k) >0 for all k >0

With all the model components, we now set up a Lagrange equation, where there is a Lagrange multiplier attached to all
the constraints. For completeness we include multipliers on the nonzero constraints, but normally we can ignore these,
and assume the constraints are binding. The Lagrange set up? is:

,C = U(Co,cl) —+ Ao(f(k‘()) —+ (1 — 5)]€0 — kl — Co) —+ Al(f(kl) + (1 — 5)k1 — k2 — Cl) —+ [,U,()CO —+ ,u101 —+ ’Ulk‘l + (UQkQ}

with FOCs:
dc, e 0T Ho=
aiLfaiUf)\ + —
8017801 ! Hr =
oL )
— =0 = /\02/\1[f(k‘1)+1—5]+1]1
Ok,
oL
%:O - —A1+U2:0

We also know that the utility function is twice continuously differentiable, and the limit on the marginal utilities is
infinity (as the consumption goods tends to zero). Similarly, the marginal productivity of capital also has a limit to
infinity, such that:

. / _
lim (k) = o

With all of this, we also look at the conditions that must be satisfied to get solutions for cg, c1, k1. We must have:

cg>0 ¢ >0 k>0 MOZ/Ll:Ul:O

2Note that in most of problem solving, mechanically we ignore the non-negativity constraints on the control variables, which are explicitly
included below. This is because we, in the future, impose onto these conditions complementary slackness, and as such, we know they will bind
(=0). For the purpose of giving as much information as possible in the theory section, we include them.



Rearranging the FOCs from above we get the necessary conditions:

ou
(1) A1 = vg and (2) (9701 =X >0
and the necessary conditions for the household’s optimum:
Ju ou
— = 4) — = Xo = M [f (k 1-9
3) 9eg ~ (4) 9o, ~ M (5) Ao = A1[f'(k1) + (1 —0)]

Where we can then plug in the marginal utilities of consumption in period 0,1 for the respective \g, A1, to get the Fuler

condition (see 2.2):

ou ou

S = e (k) + (1= 0)

Now, with the Euler equation, we have the following necessary conditions, as discussed in 3:

ou ou

(1) a—%za—cl~[f’(k1)+(1—5)}

(2)  flko) + (1 —8)ko = k1 + co
(3) f(k1)+ (1 —08)ky = ko +
(4) k2=0

3.2 Finite horizon model

In a finite horizon model, we have multiple time periods, such that t = 1,..T. It’s an arbitrary horizon, where 7" > 0. The
problem is similar to the two period, where we want to optimize over all these time periods, deriving the same necessary
conditions. We start with the resource identity is:

kt+1 = f(kt) + (1 - 5)]6,5 — Ct
with constraints:
flke) >0, f'(k)>0, f"(k))<0 forallk, >0, and f(k;) =0 for k; = 0.

The household objective function is to maximize utility:

T

Up=>_ Bulc)

t=0
where u'(¢;) > 0, u”(¢;) < 0, and 8 > 0. Next we look at labor supply, which is exogenous and assumed to be perfectly

inelastic with n; = 1.

We solve:

T
max Zﬂtu(ct)

{ct,ke+1} =0

subject to:
(1) kt+1 = f(kt) -+ (]. — (S)kt — Cy, (2) kt+1 2 O, (3) Ct Z 0 VO S t S T

Here k is given (predetermined, or endowed), so the state variable is: k;, and the control variables are: ¢, k¢y1.

T
L= B ule) + Ao (F(ke) + (1= ke — ¢ = kesr) = pesrkera]
t=0

{eesker1}



FOCs:

oL
9, 0 = pd(a)=N\
oL ,
=0 = A (fflker) +(1=0) =X —pep1 =0
Okt
oL
o =0 = flk)+(A—-0)k —ci— ki1 =0
O\
aﬁ =0 - —AT — U741 = 0= 6TU/(CT) = AT
Okr41

From the final first order condition, we know that 87w (cr) = Ar, so this implies that Arkri 1 = 0 = kryq = 0. This is
because \; is the shadow price of investment. And therefore, in the final period, T 4 1, the value of investment or capital
must be exhausted. Now, we combine the remaining first order conditions and rearrange to give us the (1) euler equation
and (2) the capital accumulation conditions. These are both still necessary conditions, as is in the case of the two
period model. Taking the first partial derivative, 8t/ (¢;) = A

u'(¢) = Bu(coq1) (1 = 6 + f'(kig1))
kt+1 = f(kt) + (1 — 5)kt — C¢
kry1=0

ko, = given

Sufficient conditions for a maximum:
o Compactness of feasible allocations:

— k120

— ¢t ki1 < fke) + (1= 0)k;

— ko > 0 and is finite

— f(k) is continuous for all kK >0

e Us(co,...,cr) is continuous in its arguments

e To ensure the necessary conditions are sufficient for a maximum, we can also ensure that the feasible allocation set
is concave where f(k) is concave and also that the utility function is concave.

3.3 Infinite horizon model

So now for an infinite horizon model, we must consider a few more important additions to the model. The key one is
the addition of the transversality condition, which ensures that the set of possible choices is compact. This is an essential
component of the model that makes the existence of the solution possible. The second key requirement is that the objective
function is continuous. For clarity we write them out:

e Transversality condition: Every sequence of control variables, ¢, ki1, that satisfies the constraints to the
optimization problem will converge. The set of all sequences is a closed subset of the real-valued sequence. This
implies the feasible set is compact. Mathematically, it is written as:

lim g7 - o/ (er)krs1 =0

T—o0
In its economic interpretation, it implies that no capital is ever left unused which could have increased utility (and
welfare) via consumption. It’s both intuitive and essential for the boundary behavior for a solution to exist.

¢ Continuity of the objective function: Where the limit of the utility function, as T — oo will equal zero. This
means the limit converges (does not go to oo), only where 8 < 1. It would not be possible to have a continuous
function of the feasible choices if the objective function diverged. It’s written mathematically as:

T—o0

T
lim Uy = Zﬂtu(ct) -0
t=0



In economic terms, it means utility, super far into the future, converges to zero, due to discounting. This means the
function is continuous over a set of feasible choices.

Mechanism to finding a system of equations to the solution of the infinite horizon model in a one-output model:

1. Set up Lagrange subject to the given constraints in the model. We start by writing the household’s objective function:

S] T
Up =) Blulc) = lim » _f'u(ci)
t=0 t=0

Next we then see the optimization problem becomes:

o0

max Zﬂtu(ct) st. (1) kepr=fk)+ (1 —=0)ke—ce (2) kiy1,¢6>0

{Ct»kt-#l}?io t=0

We get the Lagrange set up® to be:

T
Z [ﬁtu(ct) + A (f(ke) + (1= 6)ke — o — kis1) — Ht+1/€t+1]

t=0

L ({ce, kes1, ey e Fyeg)

= lim
T— 00

2. Derive the necessary conditions for a solution, including:

(a) the Euler equation:
u'(er) = B (cegn) - [ (kegr) + (14 0)]

(b) the resource identity:
kiv1 = f(ke) + (1 =0k — ¢
where:
e k; is the capital stock at time ¢,
o k11 is the capital stock at time ¢ 4 1,
o f(kt) is the output produced from capital at time ¢,
e ¢; is the consumption at time ¢,
e J is the depreciation rate of capital.
(¢) the resource constraint: k;1q > 0

(d) the (binding) constraints on the Kuhn-Tucker conditions for the initial condition, where kg is given:
ko >0

k>0

CtZO

3. We then can get the Kuhn-Tucker conditions*, that are able to give us important properties of the constraints in
their limits. We have:

(].) lim kT+1 2 0 (2) lim — )\T § 0 (3) lim )\TkT+1 =0
T—o0 T—o00 T—o0

These K-T conditions give us the transversality condition, such that:

lim BT/ (er)kyr = 0
T— 00

3We can drop the term p¢41k¢t1 but apply the Kuhn-Tucker conditions. This allows us to get the first order conditions.

4Recall what the Kuhn Tucker conditions are the necessary conditions in a constrained optimization problem when we have non-binding
constraints, i.e. inequalities in constraints. The KKT conditions tell us that the complementary slack condition must hold, meaning that either
the multiplier is non-zero (inequality) or multiplier is zero (binds). Additionally, the sign of the Lagrange multiplier must be in the same
direction (positive) as we are maximizing. It cannot be slack in the opposite direction.



4. Identify the sufficient conditions for an infinite time horizon model, including:

u(ce) >0 ¢ >0
W(c) <0 F(ke) < 0

Recall the sufficiency conditions guarantee the existence of a solution. They do this through proving two things:
(1) the continuity of the objective function and (2) the compactness of the feasible choice set. The
Inada conditions provide shorthand for these two conditions that insure interior long-run solutions. They ensure
that capital doesn’t fall to zero or accumulate, by applying the principles that there are positive and diminishing
marginal returns to capital (as seen in the limit). These conditions ensure that capital in the long run converges, so
we can have a stable steady state.

5. Linearize the model to get a system of differential equations that can approximate a linear solution around the
steady state (c¢*, k*). The steady state equations are such that ¢; = ¢;41 = ¢442 and so on, for all values of ¢. And
similarly for capital. We therefore have the steady state equations:

= f(k*) — 6k

P =54 (5 - 1)
B
Here we linearize with respect to a small change from the previous period to the steady state, to understand the
behavior in this neighborhood. We start by defining this system of equations around the steady state and the given
parameters:
ACt+1 = Ct — c*

Akpyr =k — k*

6. After we are able linearly approximate the system, we can re-write the solution as a matrix. This solution determines
how capital stock and consumption evolve over time for any initial conditions (cg, ko):

The general solution for the linearized system is given by

c* c

Ciy1—C | 1= Ba(c*) 71k O'(C*)f//(k*) cy —c*
kevr —k*| 1 1 ke —k*|°

I+p
where we write it in terms of ¢;41 — ¢* and ki1 — k™ on the left-hand side.

7. From the linear solution, we want to solve for the eigenvectors and then eigenvalues, to get the slopes of the
eigenvectors. Slopes of eigenvectors are then used to determine stability of a system given an initial condition (ko).
Using the eigenvectors and eigenvalues, we can express any path as:

[ RS SR

where:
¢ —c*
_ 1-— = .
av_ + ( a)VJr |:kt _ k*:|

From this, we see that « is the only value that needs to be checked for whether it satisfies the transversality condition.
We check both cases, @ = 0 and o = 1. We get that only for & = 0 do we get an optimal, unique solution s.t.

ey —c = (1+2)'m_(ko — k*)

lp — k* = (1+ A_) (ko — k)

So we get that cop — ¢* = m_ (ko — k*) solves for ¢y and the optimal growth path is a stable, saddle path with
asymptotic convergence from the initial values of capital and consumption towards the steady state values.



3.3.1 Model extensions

Comparison with competitive equilibrium: While not a true extension, the command economy can be compared
to the competitive equilibrium (market equilibrium) to illuminate key difference between the two optimization strategies.
While the strategy remains the same - mazimize utility - we have a new constraint. This yields slightly different necessary
conditions. In a competitive equilibrium (in a two-period model), we assume the household has a budget, where Wy is
the initial endowment, or wealth of a household:

Wo = cg + p1c1

and a constraint on labor supply:
0 S Tt S 1

Where Wy is the initial household wealth, and the agent must maximize its utility over consumption in the two periods,
with respect to the prices, p; and initial wealth, Wj. Now the first order conditions yield the following results:

ou
deg _ 1 _
@—p—l and ng,n =1
601

From this comparison we see that the complexity of the problem increases. Here there are firms, households and capital
that is owned by households but rented to firms. The households also supply labor to firms. Firms, similar to households
are modeled identically as representative agents. In a market equilibrium, the investment and savings tradeoff will be the
same in all periods to the command economy (when no distortions, such as taxes or transfers, are present).

Deterministic model with unanticipated one time gifts These models take into a one-time shock on productivity,

A, where
A=A+ AA

and the maximization problem becomes:

L= Z (B uler, €) + A (Af (ke me) + (1= 0)ky — cr — k1) + 0 b+ nine + (1 — 1y — &) + pekega |
t=0

given the following constraints:
kt+1 — kt = Af(kt,nt) — (Skt — C¢
ng + lt S 0
ng > 0,0 >0,k >0

ko = given

the first order conditions become:

OL

87015 =0= ﬂtuct(ctalt) — At

oL t )
aint =0= B ult(ct,lt) + )‘t(A : fnt(ktvnt)) +77 - Mt
oL

o, = 0= MA- i (ko) + (1= 8) = Aea + g

from these FOCs, we can get the necessary conditions:

1 Euler Equation:
B! (e, L)(A - flke,ng) +1=6) = 87/ (e, 1) =

ou ou
B <8Ct+1 (Af(kig1, 1) +1 - 5)) =2,
2 Labor-leisure tradeoff: 5 5
U U
('Tct(A “fro (ke me)) = (9Tt



3 Resource identity (taken from the constraints, as is):
k‘t+1 = Af(kt,nt) + (1 — 6)]?,5 — C¢

4 Transversality condition:
0
lim Bt { 4 -kztﬂ} -0

t—00 Oc

Now we take a look at the stead state dynamics, and the effect of a shock on productivity (A) on the rest of the
economic variables. The steady state, (k*,c¢*,n*) is given by

of(k*,n*) o
A ak - 6 - pa
Af (K n*) — 6k = ¢,
o= (1 _ n*)’)’AW
Then we differentiate 2 f(k ) 02 (k ) af (k )
*)n* *’n* *,n* o
A E) g s A2TE) g f(E",n")dA = de
Ok on

of(k*,n*) 02 f(k*,n*) 0% f(k*,n*) _1 ,0f(kE*,n*)
— )Y _ — n*)? SR
de = (1—-n") ( - dA+ A ;—dn+ A 2 dk Y1 -=n")"""A - dn

Now we can substitute in the FOCs to simplify:

O f(k*,n*) 02 f(k*,n*) p+o
A A g, =4
02 f(k*,n*) 0?2 f(k*,n*) c* c*
—n*)Y Z JA 7 SN 7 _ _ -
(1—-n") (A 52 dn+ A o dk) 17 _n*dn dc AdA.

Now, solving the three derivatives (each of the state steady variables, (¢*, k*,n*), with respect to A), we can understand
how the steady state values of our variables of interest will change with respect to the productivity shock.

2 0% 2 * % -1
dk praiGaiy] praiGaiy) 0 p+d
it e n%) o 1O o A
an it _ B e A L) — )Y ) _ — f(k*. n*
aA = Ak A0 T T &)
de c L <
A P 1 —n*) 4

To interpret this, we can think about shocks to productivity as:

int=0— AO =A
— A1 = A+ dA temporary, one period shock

int>1-— A; = A return to normal level of A

And with consumption smoothing, we act as though this shock is a one time, unanticipated gift. As such, The period after
the shock (¢ > 1), we have more capital because we are on a consumption path that has higher capital in ¢t + 1 (given the
law of capital motion: ki1 — ki = (A + dA)f(ki,ne) + 0kt — ¢ So, when there is a positive shock, we choose to consume
some of the additional gains and invest some of them in order to smooth consumption over time (perfect foresight).

Learning and habit formation

Here we can see how people, when they get a shock, will respond over multiple shocks. See Q2 MACRO NOTES for a
more detailed discussion.

10



Time variant

Where rate of time preference can change in future periods. This was not covered in the course, but its something to
consider. See hyperbolic discounting in Q3 MICRO NOTES.

Introduction of labour markets

Where utility now depends on both consumption and leisure, while labour is an input into the production function. We
assume we're still in a single-good model (i.e. we produce only one output).

Maximize: -
max Z Bru(cs, 1)
tesnekepr} s —7

subject to:

(1) Y: = f(ke;ne) (2) ki1 =Y+ (1 =)k + 1y
with Lagrange:

L = B'ulce, 1) — M (f (keyne) — (1 — 8) ks — ¢ + key1)
Now this model can end here. Or, consequently, it can also be extended to include the accumulation of wealth, as seen in
the next section, 3.4.

Single sector with adjustment costs

Here we use a standard infinite horizon model with one sector of output. We assume there exists some cost to making
an investment in the economy, such that we have to modify the resource identity (law of capital motion) to capture this
adjustment cost. The new set up would be:

max U(x) s.t. kepr — ke = i — ¢ + @(ie, kt)

Here, we normally assume there are quadratic adjustment costs, such that i, , where k;,4; are proportional in

[
27 ky
the state state and there exists some cost to holding onto the capital into the next period. This makes the constraints for
a command optimum, with adjustment cost:

ki1 — ke =iy — 6ky

. . . g
fkeyme) =d¢ + e + (i, k) = i (1 + D) + I?) +c
t
ki1 >0
ko = given
Putting this all together, we do the same approach of setting up the Lagrange, and then deriving the FOCs. From the
FOCs we can find the Euler equation. When we do so, we solve for \; which has a unique interpretation here, such that
it is no longer the shadow price of capital, set equivalent to the marginal utility of consumption. The interpretation here
is different, such that )\; is the shadow price of an additional unit of investment:

L =max ' [U(cp, 1 —ng) = Aelie — 6ke) — pa (i (1 + @(in, ke)) + ¢1)]

FOCs:
= e =up, (¢, 1 —ny)
/B 1 At
= N=m(l+ =4+ = - st
t Mt( + 2 +kt)+kt U/Ct(Ct,].—TLt)
1—|—®—|—'
= — +1
5 t

3.4 Yeomani peasant

This model is a autarkic or planner-based model, where there are multiple agents, and they can store (accrue debt) assets
against their future labor income. This is an important departure from a standard command economy model as we impose
a solvency condition on agents. This model’s framework is what we use for the permanent income hypothesis. We will
get more into the details here.

11



3.4.1 Find constraints
« Simple budget identity®:
ar+1 = (L4 r)ay +wny — ¢

We need to make an intertemporal budget constraint by using the state variables, a, and the state budget
identity (above). From this, and through iteration, we can get a budget identity that works for all periods. The
steps are as follows:

(CLtJ,_l)(l + ’f’t)71 = as + wtnt(l + T’t)71 — Ct(l + T’t)71

At—1 = Q¢ + Wg_1M¢—1 — Ct—1

such that ag = a; is given, so we can substitute in for a,

(ars1) (L +7) 7t = ar + [wemine—1 +wene(L+ 1) 7Y — o1 + e (L 414) 7
¢

t
= Zwtnt(l + Tt)_t — th(l + Tt)_t
t=0

t=

o+

0
: 1 1
- Z“’S”*ﬁf — 2 el) (e

s=0

o+

at+1

1
Zwsns 1—|—r - cs( ¥4+ (1+7)ag

1+7" 1+7r
s=0

¢ Solvency condition: The solvency condition, sometimes called the No Ponzi condition on equilibrium means an
agent must pay off their debts and are restricted from carry debts beyond their lifetime. Therefore, during their
lifetime, negative wealth is possible. But, when agents have monotonistic preferences, there is a limit to how much
borrowing can occur if just to increase consumption.

Lo
tlzm (1 r) aty1 >0
This constraint implies the following in equality:

t t
1 1
=(1+4+1t)ag + — Vg — te
(U o + 3w = '

Where the first term, (1 + r)ag is initial wealth by an agent. The second term is the present value flow of labor
income, and the third term is the present value flow of consumption (where prices are constant).

e Resource constraint: Households are constrained on how much consumption they may undertake in each period
by their wealth endowment, ag. This constraint shows that wealth can grow at a rate up to r, but no greater. The
constraint is also a summation, such that:

oo oo 1
<1 — )t <0
;1—5—7“ s < ( +T)ao+;(l+r) wing <

3.4.2 Model set up

Now we maximize a households’ utility over the resource constraint, using a Lagrange approach to derive the first order
conditions and necessary conditions:

max U(c, (1 — ny)) Zﬁuct, (1 —mny))

5The budget identity, also the equation of motion here, is written in the state form. We could similarly rewrite it with respect to flow
variables as:
a1 — ar = (r¢)ar + wing — ¢t
. Here we are looking at the flow of savings (difference in savings) from one period to the next. This budget identity is not the law of capital
motion, but the law of motion for the assets, as there is no capital in this model.
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s.t.
ag >0
at+1 = (1 + T)at + wing — ¢t
1
lim (——)'a;11 >0

t—oo 1+ 1
ntz(),(l—nt)z()

with the Lagrange:
,C = ﬂt(u(ct, 1— nt)) — )\t[at+1 + (]. + r)at — WNy + Ct]

FOCs:

dL AU

dL dU

—— —0=4t -\
d?’lt ﬂ dl — T v
dL

=0=—-X\+A 1
daiiq e+ A (1)

dL

— =0=a1+ (1 +7)ar —wns + ¢t
dX\;

Rearranging these FOCs we get the following:

dU dU
_ ptoY _ ptyt AU
At =p dc, = A1 =0 Qoo

Now plug into FOC from , such that we get the euler equation:

At41

au dUu
27 = 1 t
dCt Bdct+1 ( + T)

L L
Now get the labor-leisure tradeoff from from the FOC for ;l— and dldf such that:
Ct — Ny

du du
t

dn, " de

3.4.3 Solve from c¢g

au du
o Take euler equation, and set the variables at ¢t = 0, so the equation is: d—(co, 1—ng) = Bdi(ct, 1—ng)(1+r)
Ct Ct+1

)t

« Plug into solvency condition:

o Rearrange to isolate (1 n
r

1
hm(i)tGT+1 Z 0

1+7r
lim(ﬂt)(%)(am) ~0
lim(8%)(8' (1 + r)tj—f)(am) ~0
() (o, 1 = o)) 1) = 0

This shows that solvency holds, and the sum of financial wealth will equal to zero where there is no remaining capital
in the economy. This no ponzi condition implies rationality of agents (similar to Nash equilibrium behavior).
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From this we see that households have perfect foresight, and prices are relative in the future period. By iterating back
from ¢y we can get the optimal path for consumption:

t

= (1-8) [(1+ra+ 3 (—
s=1

1+7r

)twt

There is a possibility of extending the model, such that we can look at p°, and the effect of a different discount rates on
the optimal consumption path. We can look at three cases:

Bl +r)>p (1)
B+r)<p (2)
B+r)=p (3)
In the first case, ¢; grows over time. In the second case, ¢; declines as today is favorable for deriving value from consumption.
1
In the case that p = r, then § = s =17 In this third case, total wealth, w is found from the equation for ¢y such
p r

that ¢ = (1 — B)[(1 + r)ag + w]. Here, consumption is constant, and is a function of total wealth. We refer to this as
permanent labor income.

3.5 Assessing dynamics

In order to assess the dynamics of these models, we often need to consider how initial endowments in these economy affect
the equilibrium path for optimal growth. These optimal growth paths, are considered as a linearized functions around
steady state points.

Why do we linearize? The linearization (see 6.1 for step by step) gives us a good approximation of the dynamics of
the non-linear model in the neighborhood of the steady state. We use it as this method gives us the same dynamic
properties as the original non-linear system, in the neighborhood of the steady state, but makes it simpler for us to
interpret the changes. We are able to do this by getting the following:

e An equation for the difference between the current state along the optimal pathway and the steady state, expressed
7
as’:

dCt:Ct*E

e The slope of the pathway of the variables of interest, such as c¢;. We find the slope by taking the partial derivative of
the first order necessary conditions (euler equation, law of motion of capital) with respect to our variable of interest.
This gives us second derivatives of the initial equation that tell us the slope of the line at our variables of interest
that we are trying to linearize.

¢ The method uses a Taylor expansion when working with a system of equations that defines changes in variables
from one period of time to another (the marginal utility in two different periods, or the marginal capital). Taking
this first-order expansion gives us linearization around the steady state, and approximates a dynamic system. In
general form:
Ayir1 = anye + a127
Axpp1 = a21yr + a2y

where:
yr = (¢t — ")

Ty = (kt — ]{1*)

1-— 1
B, such that g = ——.
1+p
"Note that it can also be written in the following ways, depending on preference. It is important to note that the d, when used, does

indicate the difference between the two point, while the triangle represents the change between the two. We can use them indiscriminately:

SRecall p =

Ncy =ct — ¢
dcy = c¢ — c*

Ney =cp —c*
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From this, we get a system of linear equations that are differential equations, where we create a colinear space. The
system is:

Ayria _ |G ai2| WYt

AV A az1 Q22 T

A— {011 6112]

a1 a22

We then label these matrices:

Putting it together to solve for the eigenvalues:
(A=A)V =0, det(tA—X)=0 =
(a11 — A)(agz — A) — azia12 =0
DetA — )\(all + CLQQ) + )\2 =0

Where the latter two equations are the roots of the characteristic polynomial, such that we can get the eigenvalues
(where V' are the eigenvectors) by solving for the A (use quadratic formula):

A A =
AV = AV
A VE = AV,
A_V_ =AV_

o Where the phase diagram can show us that a vector of the linear map from (x4, y) — (411, ¥t+1). We can think
of these as the preliminary introduction to the eigenvectors which serve as the basis for transformation of this linear
system of equations.

Y linear map

(z,9)

o After we identify the linear system, and derive a set of eigenvectors, we can then look at a complete phase diagram
such that we can determine which way a point is trending. The sign of these eigenvectors approximates the solution
around the optimum and tells us if an equilibrium value, the vector ¢*, k*, will converge to the steady state.

Through linearization, we learn about the behavior of the equilibrium choice variables in the following cases:
o Responses to shocks (productivity, income), along the equilibrium path

e Behavior around the steady state of key choice variables
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4 Dynamic stochastic general equilibrium models

Dynamic General Equilibrium (DSGE) models incorporate the temporal dimension, analyzing how economic variables
evolve over time. They combine the comprehensive market interactions of GE models with dynamic optimization by
agents. We will solve these models sequentially, i.e. over all periods, ¢.

One type of DSGE model is the Arrow-Debreu style general equilibrium models, such that there are many agents,
and they are able to trade. These model represent general equilibrium in which relative prices exist and markets must
clear simultaneously, and are subsequently not autarky. This is because trade is allowed. Most importantly, pricing
exists. Goods have prices. Households have income, and can also have debt, for which they can borrow against (subject
to conditions).

4.1 Integrating firms

Now this isn’t its own model in itself. But, we were taught about the theory of the firms in macro models, and this is
important for integrating firms into the fiscal policy shock model. We will need know the firm’s optimization problem.
We can show that a firm, in one sector, optimizes with respect to its investments. We assume all firms are homogenous
and they receive some capital and investment. This allows us to get a value for capital.

We start with firms that are producing and consuming with different types of goods. Firms choose to maximize their
value function, V}

max Z R;l(f(kt7 N) — Weng — g + Ty)

{nesickegr,bes1,2e 352, T IF To =5
Subject to the necessary conditions:
ki1 = (1 —0)ke + it
bip1 = (L4 70)by + 4y
ko, bo — given
ki1 >0
Jan Ry b = 0
The first step is to take the summation of the budget constraint on bonds, b; in order to understand why we end up with
the necessary condition above. We start by solving:

ZR bt+1 ]. +Tt)bt) —— (1 +’f'0)b0

Adding in adjustment costs: If we want to add in adjustment costs, then we are maximizing the value function Vj
and the bond holdings in ¢ = 0 such that we have:

1 = )
max V()eroszRt_l <f(kt,nt)wtnt (1+=-1)i )
t=0

{neyie,ker1,ber1}, 2 ky

Now we have the adjustment cost in blue. Payments to Vj come in the form of a dividend payment. As Such, we can
finally rewrite such that:

(%)
( (kt,ne) — weng — (1+2ktt))

max (I+7r9)Vp =
{ne,ie,ker1}52,

with the new variables and first order conditions:

R;'q; — market discount factor
ki1 = (1 — 0)ks +i: — resource constraint
ko — given
ki1 >0
wy = f} (kty,ny) — wage price
& i,

fr(ke,ne) + (7)(197)2 +(1=0)q41 — (L+7)g =0

2
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We can find the shadow price of capital: (1 + @;—t) = ¢;.® Rearranging again to isolate for i; we can then substitute
t

n % - k¢ in both the resource constraint on capital and the final first order condition. This gives us the following two

equations:
k’t+1 = (1 - (5)]6,5 + % . k’t
’ D qi—1 2 _
Filke,ne) +(5)(557)" + (1= 8)ges — (L +7¢)gr =0

Again, rearranging the final condition:

(1=6)gr+1 = (L +7)q — ? (Qtfl)z + fr.(ke, )

2\ @
You then linearize for ¢;+1 and kyy1.
Q1 = (1 . ? e iaﬁ e _15)6 g+ k{lkli(lfs)z) bt n(flkn_(lfs)z) &
g
kip1 = G 6)q- et + @ 7 Gi—1
1-0+ > 1-6+ 5

Dynamics: What we find is the following:

e ¢ is a forward looking variable for the firm. Firm has an employment and investment plan. It’s important to note
that ¢ is not a control variable, but its an outcome of the control variables in the function,

oV,
o« 2= qo, holding for any time period, t,
Okg
o When ki1 = k: = k*, so in equilibrium, then (1 —0) + % =1 = Ak =0,

o Firms respond to supply shocks, A - fi(k;,n;) by increasing investment temporarily. This is the case without
adjustment costs. Then, after the shock, investment settles back down. The longer the shock lasts, we will need to
look at g; to see how the firms will end responding

Recall in this problem we are able to deduce Tobin’s Q as:

Vo

Q—lzkfo

Tobin’s Q) is defined as the book value of capital, less its depreciation. The next steps in this problem would be eliminate
the time subscripts, and use this functional form with Bellman’s equation to find the optimal value function. Given that
this is covered in Q2 NOTES I will not go over the steps here.

4.2 Ramsey growth with fiscal policy model
4.2.1 Model overview

In a Ramsey growth model with taxation, we are solving for a decentralized competitive equilibrium. We want to
find a competitive equilibrium, that is also pareto efficient (where preferences are monotonic). With fiscal policy, the
government imposes distortionary (labor, capital or consumption) taxes, or non-distortionary transfers.” The imposition
of a distortionary tax results in deadweight loss, which is a wedge between firm’s price of labor (wage) and what the
household then receives for its labor. In this model, the government does not have their own objective function, instead
they are maximizing household welfare, looking for the optimal growth path of consumption. We can assume, to start,
that g; is exogenous. Below we can see a quick visual of the dynamics, that shows government expenditure does not effect
the optimal choice of consumption.

8Source on where this shadow price of capital comes from is still not clear to me. Going to update when I can find it.
9Note that transfers are not distortionary because it does not enter into the first order conditions. As such, it doesn’t change the behavior
of agents with respect to trade-offs such as labor and leisure.
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/ ' ©
(0,07 fl(k)y=6+p

Optimal government expenditure effect on households

Budgets: A Ramsey growth model can be solved for both the social planner’s optimum and with the competitive
equilibrium approach. There are now three budget identities, related to bonds, b;, capital, k;, and assets, a;. These three
budget identities are always redundant, as a; = k; + b;.

Intuition: The intuition in this model is that households are price takers, for both market prices and wages. They
also accept taxes as given, and optimize over their utility function. Firms rent capital from households, they optimize
for profit, and take both prices and taxes as given. Then, government optimize with respect to household consumption
optimization. All markets (goods, factor, and asset markets) must clear. A key distinction to remember is that we
are not working in the command optimum framework, as we are not considering v(g;) enters the utility function. If
v(g¢) were in the utility function, we would consider this a true public good, where there is no rival and households gain
utility from consuming it. In this case, there would be no government debt, no resource identity, and no equilibrium prices.

To solve here, there are two approaches. The first is a competitive equilibrium, where we find an allocation in a competitive
equilibrium, stating, again, that g; is exogenous. The competitive equilibrium, then must be restricted to the set of
equilibria within the government’s budget constraint. Let’s define key terms for solving the model:

(1) Competitive equilibrium with distorting taxes: A competitive, decentralized or market equilibrium is an
allocation and prices such that:

 Households maximize their utility against their budget, taking {wy, s, 77, 77}, as given,
e Firm maximize their profits taking prices as given,

e The government’s budget identity holds, and the constraint, expenditures must be less than or equal to revenues,
also holds,

o All markets clear.

Secondly, we can use the Ramsey optimal taxation problem, where we solve, from the social planner’s perspective for the
optimal fiscal policy. This approach requires the implementability condition, such that the social planner integrates
the household’s first order conditions into the optimal fiscal policy sequence so that, under and equilibrium with taxation
as given, the household would still find this allocation to be optimal. This is often called the primal approach, where the
implementability condition is constructed from:

e the household’s budget identity

o initial wealth allocation, ag

o first order condition for labor-leisure choice
o euler condition

(2) Ramsey equilibrium: An allocation, prices, and fiscal policy (taxes) are given such that the allocation and prices
satisfy a competitive equilibrium. Both households and firms take the fiscal policy as given, and the government maximizes
household utility with respect to choice variables, {g¢, 7, 7%, b1 }52-

Under the first theorem of welfare economics, we know that a competitive equilibrium is a pareto optimum when preferences
are monotone and the competitive equilibrium exists. The relationship between these two concepts does not hold in both
directions, i.e. pareto optimum <= = competitive equilibrium is not true.
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There are four types of taxes:
o Tax on consumption (7f)
o Tax on labor (7)
« Tax on capital (7F)
o Transfer (negative) (7})

We will start with the unique, non-distortionary case of lump sum taxation. Then we will start by modeling a tax on labor
and consumption, then separately modeling a tax on capital. These taxes can be combined. First I define key variables:

o ay: total assets (= ki + by)

o« R = Hﬁ:l(ﬁ): market discount factor, used in place of the stochastic discount factor as households are not
Ts
discounting against their intertemporal tradeoff, but are accounting for returns to assets

e by government bonds, which are negative in the government’s budget constraint, because the government is a net
borrower when they issue bonds to households

e wy: wage rate per unit of labor
e 714 time-dependent rate of return on assets
e J: rate of depreciation of capital

e gy government spending

4.2.2 Lump sum taxation

To start, we have a representative household with the following utility function:

oo

Ut = Z ﬁs_tu(cs)

s=t

There is an exogenously given stream of government expenditures, {g:}72,. Now we want to define a competitive
equilibrium - optimizing households and firms. In words: a competitive equilibrium is an allocation, {ct, g¢, k++1}52,
and prices {wy, 1152, such that households max their utility subject to:

(1) budget constraint: a;y1 = (1 4+ r¢)ay +wp — Ty — ¢

(2) solvency constraint: lim R; 'asy1 >0
t—o00

(3) given initial assets, ag

(4) and the market discount factor, R; ' = ITt_,( ) where Ry' =1

1+r,

Next we have firms that maximize their profits. Firms production function is given as y = f(k;), and they optimize:

kd
max nf - f —td + wtnf — Vtkf
n ke U

The third component is that markets (assets, goods, and factor markets) must clear in a competitive equilibrium:
(1) law of capital motion: kyy1 = f(ke) + (1 — 0kt — ¢t — g
(2) labor and capital markets (factor) clear: ni = n¢ =1 and k; = k¢

(3) asset markets clear: a; = b, + k¢
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Finally, the government budget constraint must be satisfied using the budget identity, and the solvency constraint'® for
the government must hold:
b1 = (1+71)bs + g — Tt tli}g)Rt_lbt-H <0

Now we solve for the competitive equilibrium. Start by taking the FOCs to find (a) the solvency condition, (b)
factor market equilibrium conditions, (¢) resource identity, and (d) the transversality condition. We will then have all
necessary conditions for the equilibrium.

L = max Zﬂs_tu(cs) — )\(at+1 — (1 + Tt)at — Wt + ¢ + Tt)

s=t

FOCs for the household:

OL
87@ =0= Bs_tu'(cs) — )\t
oL
8Clt-s—1
oL

aT,

Il
o

= —ﬁs_t+1)\t+1(1 +7re1) + BN

0 _ﬁs_t/\t

Rearranging we can get the euler equation and the asset identity:
(1) Bul(ct+1)(1 + Tt+1) = u'(ct) (2) A1 — (]. + Tt)at — Wt + Ct + Tt
We also get that the transversality condition(s) holds in equilibrium:
ot _
tlirgoﬁ u'(er)agrr =0

Then solve the firm’s optimization problem: max 7w with FOCs:
om k¢ k4
=2 0= S I N I
7w 0= (i) 1 () it o
on k¢ 1
0= f(2 i
0= (i) () =

1) w= O - Ok Q) m=F()~ = n=(r+5)

Tt

We get the FOCs:

This second condition for the rental price of capital holds because we can use the asset pricing identity, a;, to see how
capital and bonds are restricted over time. When we subtract b; from a; we are left with the asset identity with only the
value of k; in the equation. As such, we end up getting:

a1 = (L+r)ag +wing — Ty — ¢4
beyr = (1 4+7)by — Ty + g¢
given ar = bt —+ kt — Aty — bt+1 = kt+1

kt+1 = (1 =+ Tt)kt + WNt — C¢ + gt = f(kt,nt) =+ (1 — (S)kt — C¢ + gt

So when you take this result, combined with (2) derived from the firm’s optimization problem, we take the equivalence
(I + 7))kt + wing = f(keyne) + (1 — )k, and rearrange:

(A +r)ks — (1= 0)ky +weng = f(ke,ny)

(re + ) ke = f(ke,ne) — weny

10See that the solvency constraint is that the government’s debt is a negative term. As such, the government should hold a positive amount
of assets, so we want the limit to be less than zero. This ensures that negative debt is reduced to zero in the long run. Written in a different
way, we could see the solvency as lim R;lat_H > 0.
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now take first derivative wrt k;!!

0
g = O+ 10 = (8 =10)
This result is also directly due to the government budget identity, byy1 = (1 + r+)b; — T; + g+, household budget identity
aty1 = (1 +7¢)ag + wy — Ty — ¢4, and asset market clearing condition a; = b; + k¢.*? This also tells us, upon closer look,
that the rate of return on the government’s debt, r; is equivalent to the return on the marginal productivity of capital,
less the depreciation, such that

re=fr() =90
Tt = Vg — 6
re = (1 — 7F)vy — 8 where capital income is taxed

In the scenario in which capital is taxed in a decentralized economy, we take the after tax rate of return on capital, vy,
less depreciation.

From the findings above, we then use capital, k;y1 in the identity for the law of capital motion. Below, we are simply
solving from the government’s perspective to find an equilibrium condition that clears the market, is constrained by the
government’s budget identity and is an optimal value for firms and households. So, we get k;:
kt+1 = (]. + Tt)kt + Wy — gt — ¢ —> kt+1 = f(kt) — (1 — 6)kt — gt — C¢
Finally we get the optimal pathway for bonds, byy1 = (1 4 r¢)bt + g+ — T. And we get the transversality condition,
limﬁtu/(ct)(ktﬂ + bt+1) =0
t—o0

From the above, in a competitive equilibrium {c;, ki41}52, depends on {g:}72, and kg, but not on the sequence of lump-
sum taxes, {T3}32,. While uniquely, the optimal value of b;1; depends on {T;}:2,. It also depends on {g:}:2, (given its
the government’s selling of bonds, it all checks out).

Finally, we can use the government budget identity and solvency condition to solve for the government’s intertemporal
budget constraint. We first start by iterating the budget constraint (given) in order to get the present value of the
constraint to hold over time. Starting with the budget:

bt+1 = (1 + ’I“t)bt — Tt +g¢ — starting pOth

br = (1+70)bo — To + go

bo=(1+71)by —T1 +¢91 — plugin by —

be = (1+71)((1+70)bo — To + go) —T1 + g1 —

[e.e] (oo}
b =(1+70) Y R'bo— Y RINTs—g,)
t=1 s=t+1

now multiply both sides by R;:

> R b = (1+7r0)bo — Y RN (T — g1)

t=1 t=1
Imposing the solvency constraint, we know that >.,°, Ry r — tlim Ry b1 = 0 in a competitive equilibrium.
—00
Therefore, we rearrange and get:
o0
(14 ro)bo = ;Rgl(Tt — gt) + lim Ry by

where in the limit, the final term, tlim R; by, 1 will reduce to zero. (1 4 70)by is the amount (debt) owed at the end of
— 00

period 0. This intertemporal budget constraint tells us that the present value of future surpluses equals the total payoff
due on existing debt at the end of period 0. The government budget constraint is the only restriction on the path of taxes,
so that the timing of taxes has no effect on household utility or the growth of the economy.

1
1 The given functional form in this problem is f(k:) = y:. Because n¢ in this problem is normalized to 1, the — term that appears in the

n
first derivative wrt k¢ will just = 1, meaning that it does not disrupt or change the results of our explanation above. As we will see in the case
of distortionary tazes, this condition may change. In the case of lump sum, this holds.
12Note the resulting formula with k; comes directly from subtracting bi41 from ag41.

21



4.2.3 Distortionary taxation
Solving for the competitive equilibrum:
We start with the example!® that allows the government to impose distortionary taxes. We start by solving for the

competitive equilibrium, using a decentralized, and not a ramsey approach, ensuring the feasibility condition'? is
satisfied. Labor (7]') and capital (7F) income taxes are possible:

Step 1: Set up household’s optimization problem and make necessary assumptions. Below is the general form of the
Lagrange, before taxes are added:

{ct:nt,as41}

max L= Zﬂt(u(ct) —v(ne)) — Alaeyr — (L +ras + (1 — 7" )wine + ¢r)
t=0

Now, a second option is to add taxes and expand a;+1 = ki1 + bt+115 such that:

o0
{ct,m%ﬁ}f,bm}[’ = ;/@t(u(ct) —v(n4)) = Me(kegr 4 bepr — (L+70)be = (L4 (1= 78) (e = 0)) ke + ¢ — (1 — 77" )wyny)

We start by using the standard approach, listing out the assumptions for the household we need:

e 0 <ny <1: constraint on labor

o ary1 — (1 +r)ar + ¢ — (1 — 7/*)wenyg: household budget identity

e R, 1at+1 > 0: household asset solvency constraint

e ap: given
Then we use the standard approach, such that we optimize with respect to {ct, nt, ar41}52,:

oL

— =0= ﬂt(u/(ct) — At) - )\t = ’LLI(Ct)
(‘30,5
a‘c ti.,/ n / / n
= 0= 73" (ne) — M((1 = 7")wy) = v'(n) = u' () (1 — 7" )we
t
oL u'(ct)
—0=— t)\ t+1)\ 1 7 = 1
Oagy1 Bt B A (L4 1) u'(ciy1) B+ rn)
oL , u'(c
9L o= —fth+ (1 = ) (1 — 0) ) (1= 7)) (s — )
Ok u'(ceq1)
From the first order conditions, we get the four necessary conditions for the household’s optimality problem:
u'(ep) )
—— =501 : eul t
W(cesn) B(1 4 r411): euler equation
2. v'(ng) = u(ct)(1 — 7*)wy: labor-leisure tradeoff
3. ary1 = (L +re)ap — ¢ + (1 — 7/")wyny: household budget identity holds
4. tlz'm R; M/ (¢t)ag11 = 0: transversality condition(s) holds
—00

Step 2: Now we want to optimize for firms in a decentralized equilibrium by maximizing profits. Firms rent capital and
hire labor, so the optimization problem is:

max { f(k¢,ne) — wtnf - Vtkg}
n,ke

13Taken from the Spring 2023 macro preliminary exam. Note that the spring 2025 preliminary exam is very similar in the problem structure.

14The feasibility condition ensures the FOCs in the competitive equilibrium are sufficient, by adhering to the resource constraint in the
wider economy. Productive output, y+ = f(k¢,n¢) must be equivalent to the sum of economy wide spending, ct,it,g:. Feasibility is necessary
in both competitive equilibrium and ramsey primal approach. In a competitive equilibrium, even though government expenditures, {g:}72, do
not appear in the household’s budget constraint is satisfied by ensuring the feasibility conditions are met.

151t’s only possible to do this if you know the constraint on capital, such that § +r = (1 — Ttk)Vt. Where v; is the rental rate of capital.
Here we know this must hold in equilibrium because firms will be taxed on the value of the capital, the rents accrued during the period’s rental,
less the depreciation in the value.
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where f(k¢,ny) =y is the production function, which must, in equilibrium sum to ¢; + i; + g;. The first order conditions
from profit maximization will give us the factor market clearing conditions, seen in step 3.

Step 3: Markets clear. Market clearing conditions are found from the first order conditions, such that:
1. Asset markets clear: a;y1 = kip1 + bey1
2. Goods market clear'S: kyyq = (1 — 7/)wing + (1 — 7F) (s — 0)ke — ¢t — g
3. Factor markets clear: n; = n¢ and k; = k¢, with equilibrium prices:
o vy = fi.(-): rental rate of capital
o wi = fi(): wages
Step 4: We need to find the government’s budget constraint and that it is satisfied. Recall that in general, the government
is constrained by total production in the economy, such that y; = g + i+ + ¢;. We know the following equivalencies hold
for the resource identity that results from taking the difference between the household and government budget identities:
keyr =f(ke,ne) + (1= 0)ke — ¢t — gt
keyr =7/'wing + (1 + (1 — T/,k)(’//,))k/ —Ct— Gt
Then, by subtracting from the household budget identity
kigr +beg1 = (L+7)be — (1 — 7 weng — (1 — (1 = 77) (v — 0))ke — ¢4
—kip = (T)wing + U+ (L=75) )k — e — g
big1 = (14 )by + 7Fve(ke) + 17 (wing) — g¢
we can see government’s constraint, where the budget identity is:
bip1 = (14 1r)by + 7Fve(ke) + 7 (wing) — ge
It is possible to stop here in the problem, as we display the final version of the government’s budget constraint. But we
can also iterate it forward so that it holds for all time periods (it becomes intertemporal). So we do the following:
ber1 = (L4 70)be + 7 ve(ke) + 78 (wine) — go
by = (14 7r0)bo + 810 (ko) + 78 (wono) — go
besr = (14 7)[(1+70)bo + 75 vo(Ko) + 76" (wono) — go] + 7{ve(ke) + ¢ (wens) — go
Where the next step is to combine terms and rearrange to isolate government bonds, and take the product of the discount
and each term for ¢t — oo:
(1+74)be1 =(1 4 70)bo + (1 +74)[15 v0 (ko) + 78 (wono) — go]
+ v (ke) 4+ 78 (wing) — go
Iy (14 ro)beyr =Ty (14 70)bo + sy (1 + 74)[rg o (ko) + ¢ ve(Ke)]
+ Iy (1+ ) 76 (wono) + 77 (wene)] — oy (1 + 74)[g0 + 4]
Ry i1 = Ry (L +70)bo + Ry ' [rfv(ke)] + Ry [ (weny)] — Ry gy
Now impose the solvency condition!” on government debt, b;, and rearrange:
tlirgoRflth = (14 ro)bo + Ry '[rfva(ke)] + Ry M) (wine)] — Ry gy

—(1+70)bo = Ry ge + mfva(ke) + 7/ (winy)] + tliTgchlbt+1

(1 + To)bo = Rt_l[’/"tkl/t(kt) + Tt"(wtnt)] — ZRt_lgt
t=0 t=0

16Where, in the most general form, we use k¢11 = f(kt,nt) + (1 —8)kt — ct — g, or the economy wide resource identity, showing how capital
flows with the inclusion of the public expenditure

1"Where lim R;lbt_‘_l = 0 because, alongside the TVC conditions we know that the stock of debt must converge to zero in the limit.
t—o0
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The key takeaway from the government’s intertemporal budget is that the government debt is negative (i.e. the government
is liquid), such that the sum of discounted debt and the sum of present value spending is less than or equal to transfers,
or in this case, spending less tax revenue. Above we see the present value of debt is equal to discounted consumption less
taxable amount of 'productivity’ in the economy.

With all of these conditions, we show that the necessary conditions are sufficient, and as thus, the competitive equilibrium
is both optimal, and satisfies the government’s budget constraint for a given fiscal policy, {g¢, 77, 7, TF }52,.

Ramsey approach:

We define a ramsey equilibrium as an allocation such that the social planner optimizes the household utility, taking
prices as given, where the government’s budget constraint is satisfied. In a ramsey equilibrium, a competitive equilibrium
is achieved, such that markets clear.

Steps 1-4 as listed are still relevant, although slightly augmented. We will still need the FOCs from the household,
and the same constraints, although the key difference is in our primal approach, where we write the implementability
condition using household budget identity, ag, the TVCs, and the FOCs.!8

Step 1: The social planner maximizes household utility
{Chgﬁ)fﬂ}ﬁ Zﬁ —o(nt)) — M(arpr — (L+re)ar + ¢ — (1 — ) weny — (1 — Ttk)(ut —)kt)

subjected to:

o the budget identity (listed in the optimization problem)

o the resource identity: ki11 = f(kip1,me41) + (1 — ke — ge — ¢t

e culer equation

e labor-leisure trade-off

« prices (as given)

e solvency

e initial conditions, k;41 > 0,b,41 > 0, ap is given

Step 2: The social planner must form the implementability condition. Begin by first multiplying both sides by the
pricing kernel, or the value of \; = u/(¢;) from the FOCs. Then, we will substitute the household’s other FOCs into the
intertemporal budget constraint:

At # (14 7ro)ag) = <Z Rile, — ZR[I[(l — M) (weng)] + [(14 (1 - ) (v — 6)kt+1}> * A\

= (e >©
(1 +10)(bo + Ko)u'(cr) = Z /3fu(,(tjlctu Z Ry = 7)) (wene)u' (e0)] + Z R; ki
t=0 t) e
(1+70)(bo + ko)u Zﬁ u'(cryr)ee + ZRt (ne)ng + hm HRt kt-{-l

(1 +ro)aou’(ct) = (1 + ro)u/(co +Z,8t "(

oo

(1 +ro)aogu’(co) = Z B (ng)ny

t=0

0= Zﬁtvl(nt)nt — (1 +ro)aou’(co)

18Note that the government budget constraint is implied in the implementability condition, and as such we don’t need it in the ramsey
planner problem. If we were solving directly for the taxation pathways as the government, then we would need it!

24



Step 3: Now the planner maximizes the household’s utility against the resource constraint and the implementability
condition.

oo

( max }Zﬁt(u(ct) —v(nme)) = Ae [kepr — (L= 0)ke — f(ke, 1) + g + ct] —
CtyRi41,M¢ =0

1 Z B (ng)ng — (14 7r0)apu’ (co)
t=0

Recall we also know that kg, by are given, and the problem is subject to the following constraints:

kiy1 >0
lyyng >0

ly+ng=1forallt>0

Step 4: Take FOCs from this maximization problem, such that

Step 5: To get the optimal fiscal policy pathway, {77, 7¢, 7F}, we must compare the difference between the planner and
the household’s FOCs. The wedge, or difference between two will show the optimal tax rate for achieving a competitive
equilibrium.

4.2.4 Interpretation of effects

4.3

Some key takeaways are to remember that the timing of government spending, g; does effect the equilibrium allocation
and prices.

Another main concern is the optimal rate of taxation. In the case of capital income tax rate, the Euler equation
is satisfied when Ttk;rl =0 for all ¢ > 0. But, the euler conditions hold if 7§ > 0 because the present value of the
initial asset holdings, aq is positive whenever the tax rate is positive if ag is not zero to start with. Recall that ag
can never be zero to start, or else it would look the same as a 100% capital level in ¢ = 0.

Often we are better off with a capital tax, because it doesn’t effect productivity, even though it has a uniquely
distorting effect on the equilibrium.

The timing of taxes matter when labor supply is elastic because labor supply changes with tax rate changes. This
is due to the permanent labor hypothesis, and thus the elasticities determine whether consumption rises or falls in
response to a tax postponement.

The tax on labor does not effect the next period’s labor supply. This means in the next period you still have the
same supply, although the tradeoff between periods may change, due to a change in the future budget constraint.

Another important point in interpretation is that in the ramsey set up the maximization function does not include
the capital income tax. That is because, if the government was considering this is the objective function, the Kuhn-
Tucker conditions would be used to find the optimal rate, and it would imply the capital income tax is zero. this
therefore means we rule out capital income tax and instead focus on the government’s choice of optimal distorting
tax.

Durable goods model

Our next model differentiates between two types of consumption goods: durables and non-durables. Nondurable goods
are a flow variable, and durable goods are a stock variable which provide a flow of services in each period, depreciating
over time. Here we need to establish whether we think durable and nondurables goods are complements or substitutes:

if Up > 0 — complements

if Up < 0 — substitutes

First we define all new, relevant variables:

1 ¢;: real, non-durable good consumption

2 Dy: stock of durable goods
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3 d;: total investment expenditures

4 ADyy1 = dy — dDy: such that durable goods in the next period are a function of total investment, less than the
depreciation of the existing stock of goods

5 Aagyq + ¢ + pPdy = x4 + rpas: where pP is the price of durable goods, relative to non-durables. So, pPd; is the
total expenditure on durable goods, in non-durable prices.

5 Complete markets model

Critically, this economy is dynamic endowment economy, where choices are made in response to an exogenous stream
of resources (endowments), and there is no production. Agents optimize, and the endowments are determined by the
states. With complete markets, we must have market clearing and we therefore always solve for a competitive equilibrium
allocation.

5.1 Lucas tree model

The Lucas tree model includes asset pricing. This model is a departure from the previous models we covered in the course,
in that it is a model that is not autarky and there is no representative agent. This model allows for trade, and each agent
has their own utility function. Additionally, it incorporates a state space which consist of probability distributions which
are associated with payoffs or expected returns in each state. The model will need to achieve pareto optimality, there are
prices, and there is an asset market for which pricing must also hold.

There are Arrow-Debreu prices in the Lucas tree model, such that any type of good can be traded across all time
periods and there are complete markets. With this introduction, we can trade in any states for any period, ¢ such that
the current state we are is t or ¢ — n. By having complete markets with prices, we are able to share risk by purchasing
contracts on other people’s assets. This means risk is pooled, and there are no changes in idiosyncratic risk, only aggregate
risk. There are two types of assets: (1) equity claims on the trees and (2) bonds.

5.1.1 Model set up

1. Endowment: Here we start with the following endowment sequence:

{yé, {yi(sl)}mGSv {yi(52)}sz€f3}

Endowment is stochastic, it is a random variable that affects both s, the state and ¢, consumption, or payoff. s; € .S
is a random variable, drawn from the sample space, S which is finite. We assume sq is known.

2. Household utility function: Each household, i, has a utility function, affected by consumption in each period,
t. Consumption in turn depends on the current state and all historical states. The utility function has standard
properties:

o u(c) is increasing
o wu(c) is strictly concave

o wu(c) is continuous and twice differentiable

The utility function can be written as:

co S
U= > B'(s") - ulci(s")

t=0 st

3. Resource constraint: Here the resource constraint ensures that endowments are always greater than or equal to
consumption across all periods. It’s referred to as the feasible consumption condition. In equilibrium, it holds (in

equality). We state:
I I

Zyi(St) > ZCi(st) for ¢, st

i=1 i=1
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5.1.2 Pareto problem

We begin by setting up the Pareto problem. Now, we can either solve this directly or we solve for the competitive
equilibrium with complete markets. But, we need the necessary conditions from the Pareto problem solve for optimal
consumption by each household in each period. Let’s begin with the Pareto optimization problem:

ma

{ci(s m”th)\UO

We use the household’s utility function as defined above for U}, given that \; > 0 for each i subject to the resource
constraint (also defined above). Now we solve the Lagrange:

It I
L:maxzzkiﬁtﬂ(st)u( i(s")) — #tz ZCZ

i=1 t=0 =1 =1

Now we can derive the first order conditions:

dL 1( _
dg = P ) — e =0
B (sl (el (1) — pely” (1) — ¢ ()] = 0

These imply the necessary conditions, where we can take the ratio of j;(s?) for the households i, j:

Bir(shu'(c'(s')) _ pim(s') w'(d(s"))
prr(8)u'(c'(s?))  pim(8Y) wu/(cI(s"))

From this we get the following ratio holds:

wwﬂbwaMMW@

This gives us some form of a Euler equation. As a result, there are two conditions we need for the Pareto optimum to
hold, which is:

1 1
S = 3 v ) @)

B (sl (6 (1))
W (e (s0)

Equation (5) is the marginal rate of substitution for one good today, in state ¢, for the same good in terms of the utility
derived from the good in the known state, t = 0. The new variable introduced, ¢?(s') becomes the price of the good.

=q/(s") (5)

5.1.3 Competitive equilibrium

Now we move to finding a competitive equilibrium, where we can maximize each household’s utility with prices as given.
A competitive equilibrium is an allocation {ci(s?), cf(s*)}: s and prices {¢¥(s*)}; s such that each household maximizes
its utility over its budget, taking prices {q?(st)}t,st as given, and markets clear for all dates and states. At the competitive
equilibrium allocation, the necessary conditions for a Pareto optimum must also be met.

This problem is similar to the Pareto problem, where equation (4) becomes the market clearing condition. The resource
constraint on households now factors in prices. In this decentralized competitive equilibrium, the household now optimizes
against, (a) resource constraint with prices and (b) budget constraint. Households then solve for the first order conditions,
and are subjected to (c¢) the goods market clearing and (d) the asset market clearing. Finally, the (d) solvency and (e)
transversality condition must hold in the market equilibrium. Now we start with a simple maximization problem for the

competitive equilibrium:
max U0 s.t. @ (s")c'(s') < (st
o 2D <2,
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But, this is simply the maximization subject to the resource constraint. We have the market clearing conditions from (4),
but we need to introduce the household’s budget constraint. The budget constraint now takes into account that each
commodity must be harvested at date ¢, and it is either wasted or consumed. Here a sumple budget constraint tells us:

Trade can only occur in the same market. Households can also buy and sell non-contingent discount bonds in the same
time period. Buying any selling can occur in every period, but the price is dependent on endowment (stochastic). The
budget constraint, with bonds, is therefore:

D w8 (50 + VEED] + BiGTY) = B () (L (59) 7+ Dl (5VE D] + ei(s")
Where

%

o x4 (s'71) is the share of tree k owned by the household i at the beginning of time period ¢.

o x4 (s') is the share of tree k owned by the household i at the end of time period ¢.

o x4 (s'71) — zi(s"): Taking the difference of the two variables is the net share of trees purchased.

o V[(s!) is the price of tree k on date t. It is the price to buy or sell a tree in the period.

o Bi(s'7!) is the quantity of bonds held by a household at the beginning of time period, ¢

o Bi(st™1)(1+4r441(st))7! is the cost of the amount of bonds held by a household at end of date, t. At ¢t =0, B} = 0.

With this information we can rewrite the budget constraint at t = 0:
y'(s0) + Vi(sg) = (1 +71) ' Bi(so) + Z 2t (sOYVF (s N +ch(s°)

Now we set up the Lagrange multiplier. Here we make an assumption that there is a Cobb-Douglas utility function in the

form: _ i > pt(sh) [Ct(s?l—zl}

t=0 st

with Lagrange:

L=S Y [M}MB:@“) WBL () (L + i)’

t=0 st l-o

— [T + V] = D DV ) + el

With key restrictions, including:
e 0 x}c (s*) <1 — implying that equities and bond sales have certain restrictions

e Solvency constraint:
lim Y II(s'[s™) - Roy(s'|s7) - Byq(s) 2 0

t—o0

Solvency implies, for all 7 > 0, no bonds or equities are held indefinitely.

e Recall the market equilibrium:

I I
Zyl(st) = Zci(st) Vt, st

i=1
We can rewrite as:
A(s") =7'y(st) sty >0 i=1,..N

where + is the share of aggregate harvest for ¢, such that Zle v =1
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6 Appendix

6.1 Linearization

Below is a step-by-step approach to linearizing the optimal solution of an infinite horizon model, in order to obtain the
values for which the solution is stable at the steady state.

Linearizing Equations of Motion
We begin from the discrete-time system derived by maximizing the planner’s utility:
W(e) = (1 =0+ f'(kes1))Bu' (cre1)
kt+1 —ky = f(kt) — 0k — ¢
1. Derive the steady state conditions (from the Lagrange):
¢ = f(k*) — ok™

f/(k*):5+p, Wherep:%,I

2. Now we want to linearize the two steady state conditions (Euler and law of capital motion) using Taylor expansions
around (c¢*, k*). Recall this requires defining
dey = (¢ — ¢*)

W(¢)(der) = (1— 6+ f/(k*)Bu" (¢ )deres + f(k)Bu (¢ )i
=
(e — ) = (L= 6+ f/())Bu" (") ermr — &) + 7 (k)Bu' () (keer — )

dkt+1 — dkt = (f,(k*) — 5)dk’t — dCt
=
(k1 — k%) = (ke — k%) = (f'(k") = ) (ke — k") — (¢t — ")
3. Rearrange the conditions to simplified versions:

(1) W"(e) (e — ) = (1 =0+ f/(k))Blerer — )] = f' (K)o’ (") (ki1 — k)
(2) kiv1 — ke = p(ke — k7) — (¢t — ¢¥)
4. Now we want to rewrite the Euler equation by plugging in the linearized resource constraint (2) into the RHS of the

equation. Note: (5(1—9)+ f'(k*)) = 1, this is important for getting the below equations. The purpose of this is to
eliminate dk;y1 from the system of equations:

() (err — er) = J7 O () (ke — k7) = £ (KB (") (e — )

5. Then, we can further rearrange to isolate the variables of interest, which is year over year changes in the optimal
values. These variables are:
Ct+1 — Ct
|:kt+1 - kt:|

6. So we isolate these variables on the RHS for the Euler equation. The resource identity is already in form. This gives:
/(¢ . u'(c*
I *( ?/ *(kjt—k)_ﬁ 1 *( 3/ *
—u (") f" (k) —u"(c*) " (k*)
kt+1 — kt = p(k/’t — k/’*) — (Ct — C*)

Cty1 — Ct = (¢t — )

c*u// (C*)

u!(c*)

7. Lets define the following variable: o(c*)

. From this we can now rewrite the Euler equation by subbing

in the o

* *

(@) i) e ) = B e

Ci41 — Ct = (Ct — C*)
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8.

9.

10.

Now, we put it all together in matrix form (as seen in 3.5).

Ciy1 —C -8 c* c* o
|:kii — kj - U(Ci)lf”(k*) g(c*){)//(k*) L{Z - k*]

Solve for eigenvalues, \:

det(A_/\I):Oj)\Q—i_(ﬂO'(C*f;/(k*)_p>/\+ﬁ0'(c*)?k”(kfk):O

We use the quadratic formula to get:

di= g |- (e o) =) = ((U(ﬁc*)c*f”(k*) —p)2 —40(0*)c*f”(k*>>

Because f”(k*) < 0 and p > 0, the eigenvalues satisfy

B
o(c*)

The eigenvectors for the linearized system are found by using

A <0 and Ay >p-— cf(k*) > p>0.

v = Av

So what is v? It is a column vector that represents the eigenvector, where they are linearly independent, such that

=[] = =[] =i

And we can plug back into the key formula, Av = Av, which is the formula for diagonalization. From the following
we will get the signs and slopes of the eigenvectors:

vl [y = )

The following step is to put together the two necessary conditions and the transversality condition to get a generalized
solution for the linearized system: The general solution for the linearized system is given by
C* 1 * C* " *
k k
o(c¥) 1) J(c*)f (k") e —c*
1 1 kt — kx|

* 1-
Ct4+1 — C _ /8
kyy1 — k*

1+p

when we write it in terms of ¢;41 — ¢* and k;41 — k™ on the left-hand side. Using the eigenvectors and eigenvalues,
we can express any path as

Lj:i : zi} =lav_(14+2)+ (1 —a)vp (T + Ap)]) (ke — k)

where

v+ (=l — 1) = [

¢ —c* .
— determines the parameter a.

Using the above definition for v = {m

1 } , we can see that

s —
Now, iterate this back to zero to get

[Z - ﬁ = v (14 A" + (1= a)vi (14 M) (ko — 7)

where ¢g is the only undetermined variable, which we can find from applying the transversality condition. This
condition is essential where we can see when you substitute in the linearized system, the condition needs to hold.
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11. Consider two cases: a« =1 and o« = 0.

(a) If @ = 1, we have that
ce—c =1+ )'m_(kog—k*) and k; —k* = (14+ 1) (ko — k*).

To demonstrate that these solutions satisfy the transversality condition, we can use a first-order approximation
writing
o (er) = u'(¢*) +u"(c*) (e — ¢*)
and substitute into the transversality condition,
Jim B[ (") 4+ (¢ e — NIK 4+ (142! (ko — k)] =
Jim BT () [E* + (1 + X_) (ko — k*)]+
— 00

Jim BT () (e = )R+ (14 A-) (ko — k7).

Observe that limp_,, BT u/(¢*)[k* + (1 + A_) (ko — k*)] = 0 and

lim A7 (c*)(c; — ) [E* + (1 + X)) (ko — k%)) =

T—o0

lim B7u"(¢*)(1 4+ A_)tm_ (ko — k) [k* + (1 + A_) (ko — k)] = 0

T—o0
since 0 < S < 1land A_ <0.

(b) Next, if a =0,
Ct —c* = (1+/\+)tm+(k0—k*) and kt—k* = (1+A+)t(l€0—l€*)

Since Ay > p, (1 4+ A4)B8 > 1, the

lim BT/ (c*) [K* + (14 Ay)' (ko — k*)] = <.

T—o0
The transversality condition will not be satisfied for any a not equal to one.
The optimal solution is the unique solution given by
ce—c=1+2)m_(kg—k*) and k; —k* = (14+ ) (ko — k¥).

This means that ¢y — ¢* = m_ (kg — k*) solves for ¢y and the optimal growth path follows the stable saddle
path towards the steady state. It converges asymptotically from (kg, co) to (c*, k*).

A special case makes checking the transversality condition clearer. Let ¢ > 0 be constant. Then we do not
need to approximate marginal utility, «’(cr). The transversality condition is

lim g7cn” =0.
T1—I>nooﬂ ‘r kTJrl 0
Substitute in the solution for a =1,
ce—c=1+2)m_(kg—k*) and k; —k* = (14+ )" (ko — k*),

to get
Thm BEL4+A2) "' mZ% (ko — k)77 [K* + (1 + A_)' (ko — k*)] = 0.
— 00

Stable path implies using only \_:

et —c* =1+ A)'m_(ko — k%)
ke —k* = (1+A_)" (ko — k%)
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6.2 Euler equations

Model Variant

Euler Equation

standard ramsey growth model

' (cr) = Bu'(cepr)[f/(Rea) +1 9]

with lump sum taxes (7)

u'(er) = pu'(cp1) [ (keg1) +1 =]

with ¢; taxes (77)

/(Ct ) 1+Tct
= 2 . 1+T
14+ 7o 41 A e+

with capital taxes (7F)

Ct+1)[(1 - Tt+1)f (ktp1) +1— 5]

(subject to solvency)

cr) = Pu'(

with labor taxes (7}) 1 u'(c) = B/ (epg1)[resr + 1 — 9]
Yeomoni peasant u'(cy) = Bu/(cir1)(1 + 1)t

09(1, K 1
with i; adjustment costs u'(e) = Bu(cie1) 00Uii1, Kivr) +1-6

Ol
Lucas tree model (asset pricing) | 1 =E; B LACARY 1
u (Ct)

with government debt (B;) | u'(¢;) = fu'(cpe1) [ree1 + 1 — ]

Table 1: Euler equations across neoclassical model variants

6.3 Budget constraints

Model Variant

Household Budget Constraint

standard Ramsey growth model | ki1 = (1 —

5>kf —+ ’it — C¢

with lump sum taxes (7¢)

For all fiscal policy problems, assume a1 = k¢41 + by41 holds

kt+1 + bt—'rl = (1 —+ ’f’t)bt + (1 —+ T — 5)kf + WweNy — C¢ — T
with ¢; taxes (77) Eig1+bi1 =0 +r)be + (147 — 0)ke + weng — (1 + 75t
with capital taxes (7F) kiv1+bip1 = (L +1)be + [1 + (1 =78 (v — 5)] ke +wing — ¢4

where market return is ry41 =

(1- Ttk4-1)(Vt+1 —0)

with labor taxes (7})

kt+1 + bt+1 = (1 + Tt)bt + (1 + Tt

— ks + (1 — tHweng — ¢

Yeomoni peasant

simple: a;41 =

(I +r)ar +weng — ¢

. 1 1
intertemporal: as11( T r)t = (14 ro)ap + ZZ:O wsns(m)s — ZZ:O cs(m)5
with 7; adjustment costs a1 = (L4 ry)ay + wing — ¢ — Pliy, k)
Lucas tree model (asset pricing) | pra: = E¢[pry1at41 + diyrae41] + ¢

with government debt (B;)

k/’t+1 + bt+1 = (1 + Tt)bt + (1 + Tt

— 6)kt + weng — ¢t

Table 2: Household budget constraints across neoclassical model variants
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